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Fig. 2a Comparison along the wedge surface of exact, asymptotic,
and numerical solutions using average pressure differences.
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Fig. 2b Comparison over the entire domain of exact, asymptotic,
and numerical solutions using average pressure differences.

shock due to inherent errors in the shock-capturing scheme
and the error in the location of shock front predicted by the
asymptotic method.

Calculations were first performed for q = 0 for 7.5 < M0<
20. In this case the exact oblique shock solution is also avail-
able. From Fig. 2a, L2 computed for the differences in the
exact and numerical cases has a value near 4 x 10"4 which
varies slowly with Mach number and is the same order of
magnitude as the expected numerical error [0(Ax2) = 6.25 x
10 ~4]. L2 was also computed for the differences between the
asymptotic and exact solutions. As seen in Fig. 2a, this value
of L2 decreases with increasing Mach number, consistent with
the asymptotic error estimate, which is 0(e2). L2 is next calcu-
lated for the difference of the asymptotic and numerical meth-
ods with q =0. At low supersonic Mach number, the differ-
ence is attributed to the error in the asymptotic method. For
high Mach number, the difference is attributed to the error in
the numerical method. A series of calculations was then per-
formed for q = 1 and 10 over the same range of Mach num-
bers. For a given Mach number the value of L2 increases with
q. The curves follow the same trend as the q = 0 curve with
increasing Mach number.

Final Remarks
Our results show that in addition to being useful as a means

to gain basic understanding of high-speed reacting flows,
asymptotic solutions of simple model problems are useful for
making both qualitative and quantitative assessments of the
numerical methods which are necessary for design of aero-
space vehicles. By examining results which demonstrate the
methods' basic agreement, such as those shown in Figs, la and
Ib, additional confidence in the numerical method can be
obtained. By studying results such as those shown in Figs. 2a
and 2b, one can assess which approximation is responsible for
the small differences that do exist. For example, the small
differences in the results of Figs, la and Ib, obtained for
q - 10, M0 = 20, are primarily attributable to errors in the
asymptotic method as seen in Figs. 2a and 2b. Nevertheless,
the asymptotic solution shows that there is a nontrivial solu-

tion structure. Thus, one has a rational basis for distinguish-
ing which structures predicted by the numerical method have
a physical origin and which are numerical relics. As shown in
detail in Ref. 3, as Mach number is held fixed and q is
lowered, numerical errors overwhelm the effects of heat re-
lease so that the differences are primarily attributable to trun-
cation errors in the numerical method.

In conclusion, it is recommended that the method of com-
parison given here be adopted as a new standard for numerical
models of high-speed reacting flows.
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Introduction

SANDWICH construction has been used in the aeronauti-
cal application for more than four decades since it offers

the possibility of achieving high bending stiffness for small
weight penalty. Today, there is renewed interest in using sand-
wich structures due to the introduction of new materials, such
as advanced composite materials for the faces and nonmetallic
honeycombs for core, which offer long awaited properties of
both high stiffness and low specific weight. To use them
efficiently a good understanding of their structural and dy-
namic behaviors under various loads is needed.

Panel flutter is a self-excited oscillation of the external skin
of a flight vehicle and is caused by dynamic instability of
inertia, elastic, and aerodynamic forces of the system. This
type of aeroelastic instability has received much attention in
the past 30 years.1'4 As a result, this peculiar phenomenon is
now reasonably understood for panels made of conventional
isotropic materials. Recently, some works have been devoted
to study the flutter characteristics of panels made of advanced
composite materials,5"8 but none of them deal with flutter of
composite sandwich panels. In this Note, a flutter motion
equation for a two-dimensional composite sandwich plate is
derived by considering the total lateral displacement of the
plate as the sum of the displacement due to bending of the
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plate and that due to shear deformation of the core. The
effects of core thickness and stacking sequence of the faces on
the flutter boundary of the plate are discussed.

Mathematical Formulation
Consider a two-dimensional composite sandwich plate with

length a, thickness hf and average mass density per unit vol-
ume pm as shown in Fig. 1. The plate is assumed to consist of
two symmetrical laminated face plates and an orthotropic
honeycomb core. Supersonic airflow with air density p, flow
velocity U, and Mach number M& is assumed passing over the
top surface of the plate along the positive x direction.

For sandwich construction having honeycomb core, it is
reasonable to assume that the transverse normal stiffness of
the core is infinitely large and the core makes no contribution
to the bending and membrane stiffness of the sandwich plate.
But the shear strains in the core of the sandwich plate need to
be considered due to a low transverse modulus of rigidity of
the core. With these assumptions and two-dimensional quasi-
steady supersonic aerodynamic theory, the governing differen-
tial equations of motion for the two-dimensional sandwich
plate can be derived as9
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Fig. 1 Sandwich panel geometry.

4.0

3.0

0/45/-45/90/Core),
-0/45/-45/- '- '

— -Dl- + Pmh —
Mi--2 i awl—— — — = 0

- 1 U dt\ (1)
in which w is the lateral displacement of the plate, 7 the
average shear-strain angle of the plate, and A the plate bend-
ing rigidity.

The total lateral displacement of the plate can be split into
a partial deflection w6 due to bending and a partial deflection
w5 due to shear. The two partial deflections can be related as9
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Fig. 2 Effects of C and Gxz on flutter boundary.

The solutions to Eq. (4) have the form

2.0

7 = 1

in which S is the transverse shear stiffness and given by where bi are the roots of the Polynomial
S = cGxz where Gxz is the transverse shear modulus of the core
and c is the core thickness.

Substituting Eq. (2) into Eq. (1), one obtains D Sa2 Sa2

(5)

(6)
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Equation (5) possesses four unknown constants so that four
boundary conditions are required. For the two-dimensional
sandwich plate with simply supported edges, the boundary
conditions are as follows:

b - ,
2 ( }

Assuming the displacements of the plate are exponential
functions of time, wb = wb(x) ei<J>t, and introducing the follow-
ing nondimensional parameters and constants

at x = 0

at x = a

(7a)

(7b)

Wb =

g =

PU2a3

pU
\ = 7T

Satisfaction of the boundary conditions by substituting
Eq. (5) into Eq. (7) gives four homogeneous, linear algebraic
equations in the unknowns C,. Setting the determinant of
coefficients equal to zero gives the characteristic equation for
the eigenvalues. The functional relation may be expressed as

Equation (3) can be nondimensionalized as //(X, Z) = 0 (8)

(4)

in which X is the nondimensional aerodynamic pressure, k the
nondimensional frequency, and D the bending stiffness of the
plate when all fibers are aligned with the x axis.

For a given X and Z, the four roots in Eq. (6) can be
determined and the complex function H is evaluated. In gen-
eral, H will not be zero, and so another value of Z is chosen
for the fixed X and H is recomputed until a zero of H is
obtained with acceptable accuracy. For low values of X, the
eigenvalues Z are real. As the flow velocity increases from
zero, two eigenvalues will usually approach each other and
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Fig. 3 Effects of fiber orientation on flutter boundary.

coalesce to Zcr at a value of X = Xcr, which is a critical value of
dynamic pressure, and become a complex conjugate pair for
\>Xcr. The solution procedures used here represent an exact
solution rather than a modal solution of the differential equa-
tion and hence do not possess convergence difficulties.

Numerical Results
The panel considered for the analysis is a [O/ ± 45/907

Core]sym sandwich plate. AS4/3501-6 graphite epoxy is used
for the face sheets and Al honeycomb is used for the core. The
material constants are £"2=10,130 N/mm2, Ei = llA5E29
G12 = 0.543^2, ^12 = 0.3 for the face sheets, and Gxz =0.0429£"2
for the core. The thickness of each lamina is 0.125 mm. The
core thickness is set to be 10 mm. Figure 2 shows the effects of
thickness and transverse shear modulus of the core on the
flutter boundary of the panels with four different stacking
sequencies. All flutter boundaries have been normalized to
Xcro= 155.9 of the [0/±45/90/Core]sym panel with c0= 10 mm
and GXZQ = 0.0429£"2- The solid lines represent cases with
Gxz = GXZQ anc* dashed lines represent cases with c = c0. It
shows that Gxz has negligible effect on the flutter boundaries
since changing Gxz with fixed c will not affect the bending
stiffness of the plate which governs the flutter boundary. But
changing c with fixed Gxz will have pronounced effect on the
flutter boundary since the bending stiffness of the plate is
mainly dependent on the core thickness. Furthermore, with
the same number of lamina and fiber orientation, the stacking
sequence of the face sheets has small effect on the flutter
boundary. Figure 3 shows the effect of fiber orientation on the
flutter boundary of [±0/Core]sym sandwich panels (Xcr is also
normalized to Xcro of the [0/±45/90/Core]sym panel). For all
different core thickness, the highest flutter boundary is ob-
tained with the fiber aligned with the x axis; rotating the fiber
away from the x axis results in a continuous reduction in
flutter boundary for values of 6 up to 90 deg.

Conclusions
A flutter motion equation for a two-dimensional composite

sandwich panel is derived by considering the total lateral dis-
placement as the sum of the displacement due to bending of
the plate and that due to shear deformation of the core. The
aerodynamic theory is based on the piston theory with first-or-
der approximation. The Mach number considered is limited to
beyond approximately 1.6. This derivation can be extended to
the general composite sandwich panel system for practical
application in the aeronautical industry. The results show that
the composite sandwich panel greatly improves the flutter
boundary over the corresponding composite laminated panel
if it has a proper core thickness. The results also show that the
transverse shear Gxz of the core has negligible effects on flutter
boundaries.
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I. Introduction

T HE damping matrix of a general linear structural vibra-
tion system is a very important physical parameter in

describing the differential equations of motion of the system.
In analyzing the dynamic responses of such a system, the
damping term should never be neglected. In the case of the
general damping matrix, which consists of conventional
damping and gyroscopic damping and can be expressed in
terms of symmetrical and nonsymmetrical matrices,1 the sys-
tem equations of motion can seldom be decoupled in their
corresponding real mode space. Therefore, complex modal
theories are conventionally employed to perform a dynamic
analysis of the system. This makes the analyses and computa-
tions much more complicated than necessary. In this Note, a
system with general damping is changed to an undamped one
using a transformation matrix of function in general coordi-
nates. The obtained undamped system is not equivalent to that
of a decoupled one in the real mode space. The necessary and
sufficient condition for this transformation is derived. As a
consequence, the Caughey's condition, which is necessary and
sufficient to decouple the dynamic equations of motion of a
symmetrical linear damped system in terms of the classical real
modes, is extended to nonsymmetrical systems.

II. Basic Equations
For a linear structural vibration system with a general form

of nonsymmetric damping matrix denoted by < M, C, K > ,
its differential equations of motion take the following form:

(D
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